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Abstract 
Arasu, K.T. and A. Pott, Some constructions of group divisible designs with Singer groups, 
Discrete Mathematics 97 (1991) 39-45. 
Let D be a Menon difference set in a group G with parameters (4u2, 2~’ - u, u* - u) and T a 
divisible difference set (DDS) with parameters (m. n, k, A,, A,) in a group H relative to a 
subgroup N satisfying what we call property (M): mn = 4(k - &). We provide a recursive 
construction and show that E = (D, T) U (G \D, H\ T) is a DDS in G @ H relative to N. 
Furthermore, E also satisfies property (M). Our proof shows that this construction will work 
only when T has property (M). We also provide several series of examples of DDS’s admitting 
- 1 as a multiplier. We characterize the DDS’s with A, = 0 and (M). Finally we give a geometric 
construction of an infinite family of symmetric divisible designs admitting a Singer group. 
1. Introduction 
A divisible diflerence set with parameters m, n, k, A,, A2 (for short an 
(m, n, k, AI, A,)-DDS) in a multiplicative group G of order mn relative to a 
normal subgroup N of order n is a subset D of G of size k such that every element 
g E G \ N has exactly A2 representations as a ‘difference’ g = dI(dJ1, (d,, d2 E D) 
and every g # 1 in N has exactly A, such representations. Throughout this paper 
G will be an abelian group. A divisible difference set is called splitting, if the 
exceptional subgroup N has a complement in G, i.e. G = N Cl3 H, otherwise it is 
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called nonsplitting. There is a close connection between DDS’s and group 
divisible designs. By an (m, n, k, AI, AZ) group divisible design we mean an 
incidence structure with mn points partitioned into m equivalence classes 
(‘groups’) with n points each, where the equivalence relation has the following 
property: Two distinct points in the same class are joined by exactly il, blocks, 
whereas two points in distinct classes are on h, blocks. If the dual of this 
incidence structure is again an (m, n, k, AI, AZ) group divisible design it is called 
symmetric (for short an (m, n, k, AI, il,)-SGDD). An easy counting argument 
gives the basic equation 
k(k - 1) = (k - A,) + A,n + &(mn - n). 
It is well known that D gives rise to a symmetric divisible design 
(1) 
dev D := (G, {Dg: g E G}, E) 
with the same parameters as D called the development of D. It admits G as a 
regular or sharply transitive automorphism group on points (and also on blocks) 
by right multiplication. Conversely, symmetric divisible designs with a regular 
groups are in fact equivalent to divisible difference sets in G. For this and more 
on divisible difference sets in general (including detailed references) we refer the 
reader to [7], where a somewhat different terminology is used. 
Two types of DDS’s are of particular interest. If A1 = 0 we call the DDS a 
relative difference set (RDS). This name was introduced by Elliott and Butson 
[6], who constructed relative difference sets with parameters 
( q” - 1 4-1, q - 1, p, 0, q”-2 > . 
A geometric proof using AG(n, q) can be found in [7]. The special case n = 2 
goes back to Bose [3]. Relative difference sets have a nice property: Assume H is 
a subgroup of N (the forbidden subgroup) with IHJ = h. We may apply the 
canonical epimorphism o to the elements of D to obtain a subset DOE G/H. 
Since A1 = 0 one can easily see that D” is an (m, n/h, k, 0, h&)-RDS in G/H, a 
projected RDS, see [6], which is the first systematic treatment of RDS’s. 
Another important class of DDS’s corresponds to group divisible designs with 
k2 = A,mn, so called semi-regular SGDD. If furthermore A, = 0 the parameters 
are (n&, n, n&, 0, AZ). The SGDD’s with these parameters are called symmetric 
transversal designs. 
Given an (m, n, k, AI, A,)-DDS D in a group G relative to N, its complement 
G \ D is an (m, n, mn - k, mn - 2k + A,, mn - 2k + ;l,)-DDS in G relative to N. 
The parameters k - AI, k2 - mnA2 = k - A, + (A, - A2)n and k - A2 remain in- 
variant under complementation. If n = 1, m = 1 or A1 = A2 then D reduces to an 
ordinary (v, k, A)-difference set. The corresponding incidence structure in these 
cases is just a symmetric 2-design. For more on difference sets and 2-designs we 
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refer the reader to [2]. DDS’s with k = iE, are ‘multiples’ of 2-designs, thus we can 
regard them as trivial in some sense, see [4]. 
An integer t is called a multiplier of an abelian DDS D if the mapping &:X-+X’ 
is an automorphism of both G and dev D. In other words, we require (t, mn) = 1 
and D(l) : = (8: d E D} = Dg for some g E G. 
We shall make use of group ring notation. Let R be a commutative ring with 1 
and denote by RG the group ring of a given group G over R. We will identify 
each subset S of G with the group ring element S : = CgeS g. We define 
A”‘:= 2 a g’ g for A = c ugg 
geC gtC 
where t is an integer. With these notations it is easy to see that D E G is an 
(m, n, k, il,, A,)-DDS in G relative to N if and only if D satisfies the following 
identity in ZG: 
DD’-” = k - il, + (A, - A&V + A2G. 
If D is a (v, k, A)-difference set with v = 4(k - A), then its parameters must be 
of the form (4u2, 2u2 f U, u2 f U) for some u E N. These difference sets are called 
Menon diference sets, since they were first studied by Menon [Ill. They are 
known to exist for all u of the form u = 2”3’, a, b E N, see [12]. We note that for 
all these parameters even a difference set with multiplier -1 exists. In analogy an 
(m, n, k, il,, A,)-DDS is said to satisfy property (M) if 
mn = 4(k - A,). (M) 
These divisible difference sets allow a recursive construction similar to Menon 
difference sets. We present this construction in Section 2. To do this, we 
introduce the following notation. If A 5 G, B E H, then 
(A, B):= {(g, h) E G 63 H: g EA, h E B}. 
Similarly, if S and T denote group ring elements in RG and RH, the element 
(S, T) is the product of S’ and T’ in R(G CI3 H), where S’ and T’ are the images 
of S and T under the canonical embedding of RG and RH into R(G CI3 H). 
In Section 3 we give some examples of DDS’s with property (M). Interesting 
enough, our construction also produces an infinite series of semi-regular designs 
(i.e. k2 - il,mn = 0) with A, # 0. A sporadic example of a DDS with (M) is given 
in Ko and Ray-Chaudhuri [9]. This example is the smallest member of a new 
infinite series of DDS’s that we construct in Theorem 3.8. However, these DDS’s 
do not have property (M). 
2. Recursive constructions 
Theorem 2.1. Let D be a Menon difference set with parameters (4u2, 2u2 - 
u, u* - u) in G and T a DDS with parameters (m, n, k, A,, A,) in a group H 
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relative to iV. Then 
E=(D, T)U(G\D,H\T) 
is a DDS in G @ H relative to N if and only if T has property (M). Zf this happens, 
then E satisfies (M) and has parameters (m’, n, k’, hi, A;) where 
m’ = 4u2m, k’ = 2u2mn + umn - 2uk, 
Ai = 4u2 + 2u2mn - 4u2k + umn - 2uk, A; = u2mn - 2uk + umn. 
Proof. The difference sets D and T satisfy the following equations in ZG: 
DD’-” = u2 + (u’ - u)G, TT’-” = (k - A,) + (A, - A2)N + A,H. 
Now we calculate EE(-l): 
EE’-” = [DD’-I’, TT’-” ] + 2[D(G - D)‘-“, T(H - T)‘-“I 
+ [(G - D)(G - D)‘-“, (H - T)(H - T)‘-I’] 
= [u” + (u’ - u)G, (k - A,) + (A, - A,)N + A2H] 
+ 2[-u2 + u2G, (k - A,)H - (k - AI) - (A, - A,)N] 
+ [u’ + (u” + u)G, (k - A,) + (A, - A,)N + (mn - 2k + h,)H]. 
Let xi (i = 1, 2, 3, 4) be the coefficient of (G - 1, H-N), (G - 1, N-l), 
(1, II - N) and (G - 1, l), respectively, in EE’-“. We obtain (after a straightfor- 
ward calculation) 
x1 = (u” + u)mn - 2uk, 
x2 = (u’ + u)mn - 2uk, 
xj = (u’ + u)mn - 2uk + u’(mn - 4(k - AZ)), 
q = (u’ + u)mn - 2uk. 
E is a DDS in G CI3 H with respect to N if and only if x1 = x2 = x3 = x4 = A;, which 
happens iff T has property (M). It is left to the reader to verify the &-value and 
that E has property (M). 0 
Of course, Menon difference sets are DDS’s with property (M). So the 
construction of Theorem 2.1 generalizes the original recursive construction of 
Menon and also the construction in [l] and [7]. Note that the construction in 
Theorem 2.1 preserves multipliers. This is important since the Menon difference 
sets yield, with one exception, all the known difference sets with multiplier -1. 
Thus Theorem 2.1 produces many DDS’s with multiplier - 1, see [l, lo]. 
Now we consider the question whether Theorem 2.1 produces relative 
difference sets or semi-regular DDS’s. 
Corollary 2.2. (i) The only RDS’s T which yields RDS’s E are 
(m, 2, m, 0, m/2)-DDS’s. 
(ii) If T is semi-regular, then E is also semi-regular. 
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Proof. (i) Assume T is an (m, 12, k, 0, A,)-DDS with rnn = 4(k - AZ), such that E 
is an RDS again. Thus 2u*mn - 4u2k + umn - 2uk = (mn - 2k)(2u2 + u) = 
0,which shows mn = 2k. Using the basic Equation (1) and (M) gives the 
parameters stated above. 
(ii) This is a straightforward calculation. 0 
We are able to characterize the parameters of relative difference sets with 
property (M). 
Proposition 2.3. Let D be an (m, n, k, 0, A,)DDS with rnn = 4(k -A,), where 
n 3 2. Then D is either an (m, 2, m, 0, m/2) or a (2A2 + 2, 2, 2A2 + 1, 0, A,)-DDS. 
Proof. From mn = 4(k - A2) we conclude k* - A,mn = (k - 2A,)*. Since A, = 0 
the basic Equation (1) reduces to k* - k = A,(mn - n), thus k* - A,mn = k - A,n. 
We obtain, using n 3 2 
(k - 2A2)2 = k - A2n c k - 2AZ s (k - 2A,)*. 
We conclude that n = 2 and either k - 2A2 = 0 or k - 2A2 = 1, which gives the two 
cases stated in the proposition. 0 
In [5] it is shown that the existence of a cyclic (2A2 + 2, 2, 2& + 1, 0, IZ2)-DDS is 
equivalent to the existence of a ‘negacyclic’ conference matrix. Projecting the 
RDS’s with A2 = 1 constructed by Bose [3] gives examples, where 2A2 + 1 is a 
prime power. It is conjectured in [5] that 2& + 1 has to be a prime power, if such 
an RDS exists; in [8] it is shown, that no abelian splitting RDS with these 
parameters exists. If D is a splitting (m, 2, m, 0, m/2)-DDS then m is a square 
and D is constructed according to Theorem 2.1. Furthermore, m is the sum of 2 
squares if the group G that contains D is isomorphic to Z4 @ H and N G 
Z,@ (0). This result is due to Jungnickel, see [8]. 
3. Examples 
In this section we provide some series of examples of DDS’s with mn = 
4(k - A,) and apply them to Theorem 2.1. We start with A, = 0. 
Example 3.1. Let D be a Menon difference set, i.e. D is a (4u*, 2u2 f u, u* f u) 
difference set. As noted earlier, D satisfies (M). Applying D to Theorem 2.1 is 
exactly the construction of Menon. 
Example 3.2. It is known that nonsplitting DDS’s with parameters 
(8u*, 2, 8u2, 0, 4u*) and splitting (4u2, 2, 4u2, 0, 2u*)-DDS’s exist, if a (4u*, 2u2 f 
u, u* f u) Menon difference set exists, see [l, lo]. Unfortunately, applying these 
series to Theorem 2.1 yields no new examples. 
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Example 3.3. It is known that (2’, 2’, 2’, 0, l)-RDS’s exist in Z, @ Z4 @ . . . @ Z, 
with respect to Z2 @ Z2 @ . . * @ Z,, [7]. Projecting the forbidden subgroup onto 
Z2 we then obtain a nonsplitting RDS with parameters (2’, 2, 2’, 0, 2+‘). But 
difference sets with these parameters already appeared in Example 3.2; however, 
if t is even, these difference sets are nonsplitting in contrast to Example 3.2, thus 
we obtain a new series of DDS’s (but not with new parameters). 
We now consider the case A, # 0. 
Example 3.4. Another construction of Jungnickel (see [7, Theorem 5.21) gives 
rise to splitting DDS’s in H @ N (with respect to N) with parameters 
(4u2, n, 2u2n + 2au - un, (2u2 - u)(n - 2~) + 4n2A, u2n - un + 2au), 
whenever a (4u2, 2u2 f U, u2 f u) Menon difference set in H and an (n, a, A) 
difference set in N exist. (Take a (2,1,0) difference set in Z2 to obtain the 
examples in 3.2.) Again, our construction produces no new DDS’s. 
Example 3.5. We consider the cyclic affine difference sets of odd order q (q a 
prime power), i.e. (q + 1, q - 1, q, 0, l)-DDS’s, see [3]. By a suitable projection 
we obtain (q + 1, 2, q, 0, (q - 1)/2)-DDS’s satisfying (M). Then Theorem 2.1 
gives DDS’s with parameters 
(4uZ(q + l), 2, (4u2(q + 1) + 2u, 4u2 + 2U, 2u2(q + 1) + 2u). 
For instance, we obtain (16,2,18,6,8) and (64,2,66,18,34)-DDS’s, which are 
not contained in the previous series. 
Example 3.6. The first series of symmetric semi-regular divisible designs with 
A, # 0 was constructed by Jungnickel (see [7, Theorem 5.151). They actually 
admit a difference set representation and have parameters 
( 4 
n+l -1 
q-l ,q 
n+l qn(qn+l - 1) q”(q” - 1) qn-‘(qn+l - 1) 
’ q-l ’ q-l ’ > q-l . 
It can be easily seen that the above DDS’s satisfy (M) if and only if q = 2. These 
examples occur in the splitting case, thus we have, for instance, a splitting 
(12,4,24,8,12)-DDS not contained in Jungnickel’s original series. 
Example 3.7. Ko and Ray-Chaudhuri [9] constructed a (6,4,9,4,3) difference 
set in the cyclic group of order 24 (clearly it satisfies (M)). This example seems 
sporadic, but we are able to generalize it to an infinite family of DDS’s. 
Theorem 3.8. There exists a symmetric divisible difference set in a cyclic group of 
order q” - 1 and parameters 
( q” - 1 4-1) q - 1,2qn-l - 1, q”-’ - 1, 4q”-2 - 1 > 
for each n 3 2 and prime power q. 
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Proof. The points are the elements of GF(q)“\{O}, blocks are the sets 
{v E V:=GF(q)“: u E U \ { 0} U (U + w)} = : [ 17, w], where U is a hyperplane of V 
and w E V\ U, so I[U, w]l = 2q”-’ - 1. These points and blocks form an incidence 
structure D, which will become our SGDD. There are exactly q” - 1 blocks, the 
same number as points. It is obvious, that GF(q”)* acts sharply transitive on the 
points and blocks of this incidence structure, if we identity GF(q)” with the 
additive group of the field GF(q”). Hence to prove that D is a SGDD it is enough 
to prove, that the dual is an SGDD, thus we have to find a partition of the blocks 
into (q” - l)/(q - 1) blocks classes of size q - 1. Two blocks [U, v], [W, w] are in 
the same class if U = W. We obtain 
I]U, VI f-l [UP wll = KU\ {O) u (U + v>) II ([I\ w u (U + w))l 
= lU\{O}l = qn-’ - 1 
if v # w, thus A, = q”-’ - 1. Similarly, 
I[U, v] t-l [W, w]l = 4qn-* - 1 
if UfW. Cl 
Note added in proof 
The authors thank the referee for pointing out that the construction in 
Theorem 2.1 has been independently obtained (in a paper written in Chinese) by 
X.G. Shen, Sichuan Daxue Xuebao 25 (1) (1988) 29-39. 
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